In this paper, we further develop the left-definite and right-definite spectral theory associated with the self-adjoint differential operator A in L 2 ðÀ1; 1Þ; generated from the classical second-order Legendre differential equation, having the sequence of Legendre polynomials as eigenfunctions. Specifically, we determine the first three left-definite spaces associated with the pair ðL 2 ðÀ1; 1Þ; AÞ. As a consequence of these results, we determine the explicit domain of both the associated left-definite operator A 1 ; first observed by Everitt, and the self-adjoint operator A 1=2 : In addition, we give a new characterization of the domain DðAÞ of A and, as a corollary, we present a new proof of the Everitt-Mari c c result which gives optimal global smoothness of functions in DðAÞ:
INTRODUCTION
One of the prime examples to illustrate the Glazman-Krein-Naimark (GKN) (see [1, Chapter VII and Appendix I] and [10, Chapters IV and V]) theory of self-adjoint operator extensions of formally symmetric, singular differential equations is the classical Legendre differential equation, defined by l ½yðtÞ :¼ À ð1 À t 2 Þy 00 ðtÞ þ 2ty 0 ðtÞ þ kyðtÞ ¼ À ð1 À t 2 Þy 0 ðtÞ À Á 0 þkyðtÞ ¼ yðtÞ; ðt 2 ðÀ1; 1ÞÞ ð1:1Þ
where k is a fixed, positive real number; see the operator-theoretical account of this example in, for example, [1, Appendix II, , [4] and [7] . This differential equation, which was first analyzed by Titchmarsh (see [17, ) in the right-definite setting L 2 ðÀ1; 1Þ; is important in many areas of mathematical analysis, physics, applied mathematics, and engineering, including signal processing and sampling theory. Certainly, part of the reason for the importance of Eq. (1.1) stems from the fact that the m-th Legendre polynomial P m ðtÞ (m 2 N 0 ) is a solution of this equation
The classical self-adjoint Legendre operator A in the Hilbert space L 2 ðÀ1; 1Þ; generated from l ½ Á ; which has the Legendre polynomials as eigenfunctions is well known to be a strictly positive operator. Consequently, due to a recent general left-definite theory developed for such operators by Littlejohn and Wellman (see [8] ), there are a continuum of leftdefinite Hilbert spaces fH r g r>0 and left-definite operators fA r g r>0 associated with the pair ðL 2 ðÀ1; 1Þ; AÞ; see Section 4 below for specific details. To date, the literature that deals with the left-definite functional analytic aspects of the Legendre expression (1.1) is restricted to the first left-definite space H 1 ; for example, see the contributions [4] , [7] , [9] , [11] , [12] , and [13] . The space H 1 is the setting for some interesting properties of (1.1); indeed, it was Pleijel in [13, p. 398 ] who first observed that the Legendre equation changes from being limit-circle at t ¼ AE1 in L 2 ðÀ1; 1Þ to being limit-point at t ¼ AE1 in H 1 : Moreover, Everitt [4] first considered a spectral resolution A 1 ; which he called the left-definite operator, of (1.1) in H 1 having the Legendre polynomials as eigenfunctions. In [5] and [7] , the authors show that A 1 is a restriction of the differential operator A (considered as an operator in H 1 Þ and they also obtain a characterization of the domain of A 1 :
In this paper, we further discuss the left-definite theory-and as a consequence, the classical right-definite theory-associated with (1.1). We will see that, based on results in [8] , it is the case that H 1 ¼ DðA 1=2 Þ and DðA 1 Þ ¼ H 3 ; the third left-definite space associated with ðL 2 ðÀ1; 1Þ; AÞ; in fact, we explicitly determine these two function sets. Moreover, we show that DðAÞ ¼ H 2 ; this is a new characterization of the classical right-definite domain DðAÞ. As an application of this new characterization of DðAÞ, we give another proof of the Everitt-Mari c c result:
The original intent of the Littlejohn-Wellman paper [8] was to obtain a general left-definite theory associated with a given self-adjoint, strictly positive operator B in a Hilbert space H; that is to say, a theory that would provide an umbrella for the many examples which appear in the literature (see [8] for further references). To the surprise of both authors, this general theory also provided much new information about the original operator B and its powers B r (r > 0); see Theorem 4.1 and Corollary 4.1 in Section 4.
The contents of this paper are as follows. In Section 2, we review some well-known properties of the Legendre polynomials and, more generally, the Gegenbauer polynomials; these properties are essential to establish our results. Indeed, it is the important and remarkable derivative formula of the (orthonormal) Jacobi polynomials fP ð;Þ m ðtÞg 1 m¼0 ; namely
that allows us to obtain many of our results. In Section 3, we briefly discuss the self-adjoint operator A; generated by (1.1), that has the Legendre polynomials as eigenfunctions. Section 4 summarizes the general left-definite theory established in [8] . In Section 5, we apply these results to obtain the first left-definite space H 1 associated with the Legendre self-adjoint operator A: This space had previously been first found and studied by Everitt [4] , and later by Loveland in [9] and Onyango-Otieno in [11] . In Section 6, we determine explicitly the second and third left-definite spaces associated with A: As a consequence of these results, we obtain our new characterization of DðAÞ and an alternative proof of the Everitt-Mari c c result; these results are presented in Section 7. Lastly, in Section 8, we obtain an explicit characterization of the domain of the first left-definite operator A 1 . In a personal communication with Professor W. N. Everitt, these authors have learned that Everitt and V. Mari c c had earlier obtained this same characterization and their result is included in [5] .
For the remainder of this paper, we adopt the usual mathematical notation. For example, R and C represent, respectively, the real and complex number fields, N the set of positive integers f1; 2; 3; . . .g, and N 0 ¼ f0; 1; 2; . . .g the set of non-negative integers. The generic phrase ''ðx 2 KÞ'', for example, means ''for all x 2 K ''. Lastly, the set P denotes the space of all polynomials pðtÞ; with complex coefficients, of the real variable t:
SOME PROPERTIES OF THE LEGENDRE AND ULTRASPHERI-CAL POLYNOMIALS
For fixed ; > À1; the Jacobi polynomials fP ð;Þ m ð Á Þg 1 m¼0 ; defined (see [16, p. 68, formula 4.3.2]) by
form a complete orthonormal set in the Hilbert space For various properties of the Jacobi (and, in particular, Legendre and Gegenbauer) polynomials, we refer the reader to the classical treatise of Szego¨(see [16, Chapter IV]).
RIGHT-DEFINITE THEORY OF THE LEGENDRE POLYNOMIALS
We now briefly discuss the right-definite operator-theoretic aspects of the Legendre differential expression (1.1). For a thorough analytic and functional analytic discussion of this expression, see [4] , [7] , [9] , and [11] . Another excellent account of the right-definite operator theoretic results concerning the Legendre equation can be found in [1, Appendix II, .
In general, if the minimal operator L 0 ; associated with a formally symmetric differential expression m½ Á defined on a real interval I ¼ ða; bÞ has equal deficiency indices in L 2 ðI Þ, then the domain of each self-adjoint extension of L 0 in L 2 ðI Þ is obtained by restricting the domain DðLÞ of the maximal operator L ¼ L Ã 0 to those functions that satisfy certain boundary conditions. The number of boundary conditions is determined by the deficiency index of the minimal operator and the nature of the boundary conditions is explicitly described in the so-called Glazman-Krein-Naimark (GKN) theory (see Theorem 4 in [10, Chapter V, Section 18.1]). For the Legendre expression l ½ Á ; given in (1.1), we note that it is limit-circle at both endpoints t ¼ AE1 in the space L 2 ðÀ1; 1Þ; which is called the right-definite setting for l ½ Á .
The maximal domain Á in L 2 ðÀ1; 1Þ for the Legendre differential expression l ½ Á is defined to be
and the maximal operator L associated with l ½ Á is given by Observe that, for each m 2 N 0 ; the m-th Legendre polynomial P m ð Á Þ 2 Á:
By definition of Á; the limits
½ f; gðtÞ exist, and are finite, for each f; g 2 Á: In particular, we note that 1 2 Á and
The minimal operator L 0 in L 2 ðÀ1; 1Þ associated with l ½ Á is defined by
It is well known (see [10] ) that L 0 is a closed, symmetric operator in
From the GKN theory (see [10] ), the operator A : DðAÞ & L 2 ðÀ1; 1Þ ! L 2 ðÀ1; 1Þ defined by ðAf ÞðtÞ ¼l ½ f ðtÞ ða.e. t 2 ðÀ1; 1ÞÞ ð3:2Þ
is self-adjoint. Moreover, the spectrum of A is given by ðAÞ ¼ fmðm þ 1Þ þ k j m 2 N 0 g and the Legendre polynomials fP m ð Á Þg 1 m¼0 are eigenfunctions of A. In fact, for each m 2 N 0 ;
Furthermore, A is the Friedrich's extension of the minimal operator L 0 (see, for example, [6] ). In particular, this means that the limits exist and are finite (see [4, Section 3] ). In fact, it is well known that the condition (3.4) is equivalent to the boundary condition ½ f; 1ðAE1Þ ¼ 0 (f 2 DðAÞ) (see [4] ). As a consequence of this equivalence, the following important facts concerning DðAÞ can be easily established.
Then
Proof. Let f; g 2 DðAÞ; fix 0 < T < 1: After one integration by parts, we see that
By definition of DðAÞ; the integral on the right-hand side of (3.6) is finite as T ! 1; moreover, from (3.4) and the (equivalent) boundary condition
Hence, the limit on the left-hand side of (3.5) exists and is finite and, consequently, both (i) and (ii) follow. &
The identity in (3.5) is known as Dirichlet's formula. Notice, since ð1 À t 2 Þ > 0 on ðÀ1; 1Þ; we have 
GENERAL LEFT-DEFINITE THEORY
Suppose B is a self-adjoint operator in a Hilbert space H; with inner product ð Á ; Á Þ H ; that is bounded below by cI for some c > 0; that is, ðBx; xÞ H ! cðx; xÞ H ðx 2 DðBÞÞ:
In [8] , the authors define the notion of an r-th left-definite space associated with the pair ðH; BÞ:
Let r > 0 and suppose V r is a linear manifold of the Hilbert space H and ð Á ; Á Þ r is an inner product on V r Â V r : Let H r ¼ ðV r ; ð Á ; Á Þ r Þ denote the resulting inner product space: We say that H r is an r-th left-definite space associated with the pair ðH; BÞ if each of the following conditions hold:
The terminology left-definite originates in previous work of Scha¨fke and Schneider [15] . It is not clear, from the definition, if such a self-adjoint operator B generates an r-th left-definite space for a given r > 0: However, in [8] , the authors prove the following existence and uniqueness theorem for self-adjoint operators B that are bounded below: 
The following corollary follows immediately from this existence and uniqueness theorem. The characterization that DðBÞ ¼ V 2 is essential in our new characterization of DðAÞ; where A is the self-adjoint Legendre operator defined in (3.2) and (3.3) . We note that Theorem 4.1 and Corollary 4.1 are applicable to this Legendre operator A since it was established in the previous section that A is self-adjoint and is bounded below in L 2 ðÀ1; 1Þ by kI; where k > 0:
In [8] , the authors give the following definition of a left-definite operator. we call such an operator an r-th left-definite operator associated with ðH; BÞ:
In [8] , the following theorem is obtained: Definition 5.1. Let We omit the proof of the next theorem that says H 1 is the first leftdefinite space associated with the pair ðL 2 ðÀ1; 1Þ; AÞ; indeed, a close examination of the proofs in [4] and [9] show that, for r ¼ 1; properties (i)-(v) in Definition 4.1 are satisfied. In [4] and [9] , the authors prove, using operator-theoretic ideas, that the Legendre polynomials fP m ð Á Þg 1 m¼0 form a complete orthogonal set in H 1 : We now give another, more constructive proof, of this result; this method of proof leads to a new, simpler characterization of H 1 (see Theorem 5.3). where fd m g 1 m¼0 2 l 2 (square-summable sequences of complex numbers) is the sequence of Fourier coefficients of f 0 in L 2 1;1 ðÀ1; 1Þ; given by and a subsequence f p r j g 1 j¼1 of f p r g such that p r j ðtÞ ! gðtÞ ða.e. t 2 ðÀ1; 1ÞÞ:
ð5:9Þ
Moreover, since p 0 r ! f 0 in L 2 1;1 ðÀ1; 1Þ and f 2 AC loc ðÀ1; 1Þ; we have p r j ðtÞ À p r j ðt 0 Þ ¼
Choose t 0 2 ðÀ1; 1Þ so that p r j ðt 0 Þ ! gðt 0 Þ. Letting j ! 1 in (5.10), we see that
where c ¼ gðt 0 Þ À f ðt 0 Þ: Define, for each integer r ! 1; r ðtÞ ¼ p r ðtÞ À c: From (5.7) and (5.8), we see that
Hence the set P of polynomials is dense in H 1 and, consequently, the Legendre polynomials fP m ð Á Þg 1 m¼0 form a complete orthogonal set in H 1 : &
We now show that it is possible to simplify the original definition of the function space V 1 :
Theorem 5.3. The vector space V 1 ; defined in ð5:1Þ, is given by where
As in the proof of Theorem 5.2, define for r ! 1; 
; 1Þ; f 0 2 L 2 1;1 ðÀ1; 1Þg:
THE SECOND AND THIRD LEFT-DEFINITE SPACES FOR (L 2 ðÀ1; 1Þ; AÞ
We begin by defining the following two inner product spaces. Definition 6.1. Let
and ð f;
þ ð3k þ 8Þ f 00 ðtÞg 00 ðtÞð1 À t 2 Þ 2 þ f 000 ðtÞg 000 ðtÞð1 À t 2 Þ 3 dt:
Finally, let We note that these spaces, and in particular their associated inner products, are essentially determined from the formal square l 2 ½ Á ¼ l ½l ½ Á and cube l 3 ½ Á ¼ l ½l 2 ½ Á of the Legendre expression l ½ Á defined in (1.1); see Property 5 of Definition 4.1. Indeed, l 2 ½ y ¼ ð1 À t 2 Þ 2 y 00 ðtÞ À Á 00 À2ðk þ 1Þ ð1 À t 2 Þy 0 ðtÞ À Á 0 þk 2 yðtÞ; and l 3 ½t ¼ À ðð1 À t 2 Þ 3 y 000 ðtÞÞ 000 þ ð3k þ 8Þðð1 À t 2 Þ 2 y 00 ðtÞÞ 00 À ð3k 2 þ 6k þ 4Þðð1 À t 2 Þy 0 ðtÞÞ 0 þ k 3 yðtÞ:
In this section, we outline only the proof that the space H 2 is the second left-definite space associated with ðL 2 ðÀ1; 1Þ; AÞ: Many of the arguments carry over mutatis mutandis to those used in [4] , [9] , and in the last section. However, there are a few subtle differences that will warrant a careful analysis of H 2 . We shall omit the proof that H 3 is the third left-definite space for ðL 2 ðÀ1; 1Þ; AÞ.
We begin with the completeness of these spaces.
Theorem 6.1. The inner product spaces H 2 and H 3 are Hilbert spaces.
Proof. It is clear that ð Á ; Á Þ 2 is an inner product on V 2 Â V 2 ; moreover (see (4) of Definition 4.1), it is easy to see that H 2 & L 2 ðÀ1; 1Þ and
we see that f f 00 m g 1 m¼0 is Cauchy in L 2 2;2 ðÀ1; 1Þ. Hence there exists g 3 2 L 2 2;2 ðÀ1; 1Þ such that f 00 m ! g 3 in L 2 2;2 ðÀ1; 1Þ: ð6:8Þ
Since each f 0 m 2 AC loc ðÀ1; 1Þ; we have for fixed t; t 0 2 ðÀ1; 1Þ with t 0 t;
and g 3 2 L 1 loc ðÀ1; 1Þ: From (6.. 7) , we see that f f 0 m g 1 m¼0 is also Cauchy in L 2 1;1 ðÀ1; 1Þ so there exists a function g 2 2 L 2 1;1 ðÀ1; 1Þ with
and, for all t; t 1 2 ðÀ1; 1Þ;
There exists a subsequence f f 0 m r;1 g of f f 0 m g such that f 0 m r;1 ðtÞ ! g 2 ðtÞ a.e. t 2 ðÀ1; 1ÞÞ:
Choose t 0 in (6.9) such that f 0 m r;1 ðt 0 Þ ! g 2 ðt 0 Þ as r ! 1: Passing through this subsequence, we see from (6.9) that
ða.e. t 2 ðÀ1; 1ÞÞ:
Hence g 2 2 AC loc ðÀ1; 1Þ; ð6:12Þ and g 0 2 ðtÞ ¼ g 3 ðtÞ a.e. t 2 ðÀ1; 1Þ: ð6:13Þ
Returning to (6.7), we have that f f m g 1 m¼0 is Cauchy in L 2 ðÀ1; 1Þ so there exists g 1 2 L 2 ðÀ1; 1Þ with f m ! g 1 in L 2 ðÀ1; 1Þ; ð6:14Þ
and there exists a subsequence f f m r;2 g of f f m g such that f m r;2 ðtÞ ! g 1 ðtÞ a.e. t 2 ðÀ1; 1Þ:
In (6.11), choose t 1 2 ðÀ1; 1Þ such that f m r;2 ðt 1 Þ ! g 1 ðt 1 Þ; passing through this subsequence, we see from (6.11) that g 1 ðtÞ À g 1 ðt 1 Þ ¼ Equalities (6.16) and (6.17), together with (6.8), (6.10), (6.12), (6.14), and (6.15) show that g 1 2 V 2 and Moreover, since f 0 2 AC loc ðÀ1; 1Þ; we see that p 0 r j;2 ðtÞ À p 0 r j;2 ðt 1 Þ ¼
where t 1 is chosen such that p 0 r j;2 ðt 1 Þ ! g 1 ðt 1 Þ: Hence, from (6.23), we see that
where c ¼ g 1 ðt 1 Þ À f 0 ðt 1 Þ: In (6.25), pass through the subsequence f p r j;3 g and integrate (6.25) from t 2 to t, where t 2 is chosen such that p r j;3 ðt 2 Þ ! g 0 ðt 2 Þ. As j ! 1; we see for some constant c 1 : Define, for each integer r ! 2; r ðtÞ ¼ p r ðtÞ À ct À c 1 : Then
and 00 r ¼ p 00 r ! f 00 in L 2 2;2 ðÀ1; 1Þ:
Therefore P is dense in H 2 and, consequently, the Legendre polynomials fP m ð Á Þg 1 m¼0 are a complete orthogonal set in H 2 : &
We are now in position to prove the following theorem; again, we outline this proof for H 2 only. Theorem 6.3. Let A denote the self-adjoint operator in L 2 ðÀ1; 1Þ that is defined in ð3:2Þ and ð3:3Þ. Then (i) the second left-definite space associated with ðL 2 ðÀ1; 1Þ; AÞ is H 2 , defined in ð6:4Þ: (ii) the third left-definite space associated with ðL 2 ðÀ1; 1Þ; AÞ is H 3 , defined in ð6:5Þ:
Proof. We need to prove that H 2 satisfies the five conditions in Definition 4.1 when r ¼ 2: Since
From the self-adjointness of A 2 ; we see that
that is to say,
Hence,
Moreover, from (6.28), we see that p j À p r 2 2 ¼ ðA 2 ðp j À p r Þ; p j À p r Þ ! 0 as j; r ! 1;
that is to say, f p j g 1 j¼0 is Cauchy in H 2 : From the completeness of H 2 ; there exists g 2 V 2 & L 2 ðÀ1; 1Þ such that
Furthermore, by definition of ð Á ; Á Þ 2 , we see that ð p j À g; p j À gÞ 2 ! k 2 ð p j À g; p j À gÞ;
hence p j ! g in L 2 ðÀ1; 1Þ: ð6:30Þ
Comparing (6.29) and (6.30), we have f 2 V 2 :
ðiiiÞ DðA 2 Þ is dense in H 2 :
This follows since P is dense in H 2 (Theorem 6.2) and P & DðA 2 Þ:
This was seen in (6.6). Consequently, from (6.28), we see that
This proves (v) and completes the proof of the theorem. &
A NEW CHARACTERIZATION OF DðAÞ AND A NEW PROOF OF THE EVERITT-MARI C C RESULT
We begin by simplifying the definition of V 2 , given in Definition 6.1. We omit the proof since it is similar to the proof of Theorem 5.3 (using the arguments of Theorem 6.2).
Theorem 7.1. The vector space V 2 ; defined in ð6:1Þ, is given by
ð1 À t 2 Þ f 00 2 L 2 ðÀ1; 1Þg:
ð7:1Þ
Our first application combines Corollary 4.1, Theorem 6.3, and Theorem 7.1.
Corollary 7.1. The domain DðAÞ of the Legendre self-adjoint operator A, defined in ð3:2Þ and ð3:3Þ; is given by
Our next result gives an alternative proof of the Everitt-Mari c c result concerning smoothness of functions in the domain of A: The first proof of the Everitt-Mari c c result was obtained by the authors in [5] using the Chisholm-Everitt inequality (see [2] and [3] ). Corollary 7.2. (Everitt-Mari c c [5] ). If f 2 DðAÞ; then f 0 2 L 2 ðÀ1; 1Þ:
Proof. Let f 2 DðAÞ: From (3.2), (3.3), (6.1), and (7.1), we see that the functions f; l ½ f ¼ Àð1 À t 2 Þ f 00 þ 2t f 0 þ k f; and ð1 À t 2 Þ f 00 all belong to L 2 ðÀ1; 1Þ: Taking linear combinations, we find 2t f 0 2 L 2 ðÀ1; 1Þ; that is Z þ1 À1 4t 2 f 0 ðtÞ 2 dt < 1: ð7:2Þ
Since f 0 2 AC loc ðÀ1; 1Þ; we see that f 0 2 L 2 ½À1=2; 1=2: ð7:3Þ
Moreover, since 1=ð4t 2 Þ 1 on ½1=2; 1; we see from (7.2) We state the following theorem; the proof is similar to the proofs of Theorems 5.3 and 7.1.
Theorem 8.1. The vector space V 3 ; defined in ð6:2Þ; is also given by
1Þ ! C j f; f 0 ; f 00 2 AC loc ðÀ1; 1Þ; ð1 À t 2 Þ 3=2 f ð3Þ 2 L 2 ðÀ1; 1Þg:
ð8:1Þ
Observe, from (4.2), that V 3 is a subspace of V 1 : From Theorem 4.2, we have the following characterization of the domain of the first left-definite operator A 1 associated with ðL 2 ðÀ1; 1Þ; AÞ: Everitt and Maric first obtained this characterization in [13] using the Chisholm-Everitt inequality (see [2] and [3] ). Theorem 8.2. Let A denote the self-adjoint Legendre operator defined in ð3:2Þ and ð3:3Þ. The first left-definite ðself-adjointÞ operator A 1 : DðA 1 Þ & H 1 ! H 1 associated with the pair ðL 2 ðÀ1; 1Þ; AÞ is given by
where V 3 is defined in ð6:2Þ or ð8:1Þ. Moreover, the Legendre polynomials fP m ð Á Þg 1 m¼0 form a complete orthogonal set of eigenfunctions of A 1 and the spectrum of A 1 is given by ðA 1 Þ ¼ ðAÞ ¼ fmðm þ 1Þ þ k j m 2 N 0 g:
Remark.
In [4] , the operator A 1 was first defined through other means. Indeed, since A is bounded below in L 2 ðÀ1; 1Þ by kI where k > 0; it follows that 0 2 ðAÞ; the resolvent set of A: Consequently, R 0 ðAÞ ¼ A À1 exists as a bounded operator from L 2 ðÀ1; 1Þ onto DðAÞ: From (5.4) and the embeddings DðAÞ & H 1 & L 2 ðÀ1; 1Þ; it follows that the operator B : H 1 ! H 1 defined by
is bounded, self-adjoint, and invertible with self-adjoint inverse B À1 : Using the uniqueness property of Theorem 4.2, it is the case that B À1 ¼ A 1 :
In [5] and [7] , the authors describe A 1 by yet other means. Specifically, they define the operator S : 
